7Example 8.7 Heat Conduction with an Insulator Boundary Condition
| Example (8.1.17) is solved in Maple below:
£> restart : with(inttrans) : with(plots) :

First, the governing equations and boundary conditions are converted to the Laplace domain and solved
Lin the Laplace domain:

> eq:=diff(u(x,t),)=diff(u(x,t),x$2);

0
eq:==2i-u(x,t)==2&5 u(x,t) 2
:>>u(x,0)::O;
u(x,0):=0 2
> bel:=difF(u(x,t),x)=0;
0
bcl := o u(x,t) =0 3
7> bc2:=u(x,t)=1;
bc2 :=u(x, t) =1 4)

egs:=laplace(eq,t,s):

i
\'

> eqgs:=subs(laplace(u(x,t),t,s)=U(x),eqs);
d2
egs:=sU(x) =—= U(x 5
q (=5 UX) (5)

i
\'%

bcl:=laplace(bcl,t,s):

> bcl:=subs(laplace(u(x,t),t,s)=U(x),bcl);
bel = % U(x) =0 (6)

[> bc2:=laplace(bc2,t,s):

> bc2:=subs(laplace(u(x,t),t,s)=U(x),bc2);
1

bc2 = U (x) = ()
:> dsolve(eqgs,U(X));
U(x)=_Cle/*+ c2e VX @)
> U(X) :=c[1]*cosh(s™(1/2)*x)+c[2]*sinh(s™(1/2)*X);
U(x) :=¢, cosh(\/? X) +c, sinh(\/? X) €)]
:> eqO:=eval (subs(x=0,bcl));
eq0:=c,\/s =0 (10)
:> eql:=eval (subs(x=1,bc2));
eql == c, cosh(y's) +¢,sinh (V5 ) = — (11)

S

> con:=solve({eq0,eql},{c[1].c[21});




-
cosh(\/? ) S

EThe solution obtained in the Laplace domain is:
> U(X):=subs(con,U(x));

con:=lc, = ,C,=0 (12)

,_ cosh(\/? X)
U(x) : ;;;HEQE?SZ; (13)
[The polynomials are:
> P(s):=numer(U(x));
P(s) := cosh(\/? X) (14)
> Q(s):=denom(U(x));
Q(s) := COSh(\/?) S (15)

ENote that the order of q(s) is greater than the order of p(s).
> A(s):=P(s)/diff(Q(s),s);

A(s) = cosh(\/? x) (16)
1 sinh(\/?) \/? -l-cosh(\/?)

2

EThe roots of Q(s) are found as:

> solve(Q(s),s);
2

-% 7.0 (17)
7>—_EnvAIISqutions = true;
_EnvAllSolutions := true (18)
> solve(Q(s),s);
—%73 (142 71~)%0 (19)
EThe roots can be taken as:
> 0,-((2*n-1)*Pi/2)"2;
0,—%(2n—1)2n2 (20)

ENext, the coefficients are found:

> A[n]:=simplify(subs(s=mu,A(s)));
A - 2 cosh(\/E X) 21)
sinh(ﬂ) \/I +2 cosh(ﬂ)

EFirst A0 is found:
> A[O0]:=subs(mu=0,A[n]);
Ay=1 (22)

EThe coefficient An for values n = 1..c0 can be found as:




> A[n]:=simplify(subs(mu™(1/2)=1*(2*n-1)/2*Pi,A[Nn]));
4005(% (2n—1)nx)
A = -

n -

. (1 . (1 1
231n(2(2n l)n)nn s1n(2(2n l)n)n 4c0s(2

(2n—1)n)

[An is simplified as:
> vars:={cos(1/2*(2*n-1)*P1)=0,sin(1/2*(2*n-1)*P1)=(-1)"(n-1)};
vms;{amf%(2n—1)n)=mmnf%(2n—4)n)=(—nn‘ﬂ

:>»A[n]::simplify(subs(vars,A[n]));
4(-1y“cos(%-(2n-—l)nX)
A, =
n(2n—1)

[The general terms in the Laplace domain solution are (see equation (8.1.16)):
> uO0s:=A[0]*1/s;

uos := 1
S

[The inverse Laplace transform is:

> uOt:=invlaplace(u0s,s,t);
udt:=1

EThe term in the infinite series is
> uns:=A[n]/(s-mu);

4(—4)_ncos(%%(2l1—‘1)ﬂx)

T 2 =) (s—n)

> unt:=invlaplace(uns,s,t);

4 (—1)_ncos(% (2n—1)nx) Mt

unt :=
n(2n—1)
> unt:=subs(mu=-((2*n-1)/2*Pi)"2,unt);
" 1 —% 2n— 127t
4(-1) cos(g (2n—1)nx) e
unt :=
n(2n—1)
EThe final solution is obtained as:
> U:=uOt+Sum(unt,n=1..infinity);
—% (2n—1)272t

(—1)_ncos(% (2n—1)1tx)e

© 4
U:=1+Z
n=1

[As in chapter 7, the initial condition is used at time, t = 0, to avoid Gibb’s phenomenon:

T(2n—1)

(23)

(24)

(25)

(26)

(27)

(28)

(29)

(30)

31)



> u:=piecewise(t=0,0,t>0,subs(infinity=20,U));
0 t=0

Lo 22
(2n—1)2rt
u:= 20 4(—1)_ncos(%(2n—1)nx)e ! (32)

1+ 0 <t

n=1 nt(2n—1)

EThe following plots are obtained:
> plot3d(u,x=0..1,t=0..1,axes=boxed, title="Figure Exp. 8.13.",
labels=[x,t,"u"],orientation=[-150,60]);

Figure Exp. 8.13.

t 0.0

7>—plot([subs(t:O,u),subs(t:O-l,u),subs(t:O-Z,u),subs(t:0-3,u)],x:
0..1,axes=boxed, title="Figure Exp. 8.14.",thickness=5, labels=[Xx,
llull]) ;




Figure Exp. 8.14.
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